Abstract. Shewhart-Cucconi and Shewhart-Lepage are two nonparametric control charts used for monitoring joint shifts in the process location and scale parameters. This study investigates impact of the light and heavy-tailed distributions on the performances of these charts. The e ect of reference and test samples is also a part of this study.
Introduction
Statistical Process Control (SPC) is a set of wellknown tools used to monitor the performance of a process. Control chart is a major tool of SPC that consists of a Lower Control Limit (LCL), Central Line (CL), and an Upper Control Limit (UCL). It helps us di erentiate between natural and unnatural variations that refer to In-Control (IC) and Out-OfControl (OOC) states, respectively, in a process. Normality is a typical assumption needed for parametric charts, while non-parametric charts are free from any such constraints. Reference can be made for further check out to Chakraborti et al. [1, 2] , Chowdhury et al. [3] , and Mukherjee and Sen [4] in the literature. Moreover, a traditional approach used in SPC is to monitor each parameter separately; however, simultaneous monitoring of more than one parameter is also becoming popular in industry. Chowdhury et al. [5] , McCracken and Chakraborti [6] , Mukherjee and Chakraborti [7] , and Mukherjee et al. [8] and the references therein may be seen in literature on simultaneous charts.
Recently, Mukherjee and Chakraborti [7] have proposed a Shewhart-type distribution-free chart for joint monitoring of the process parameters. It is based on the Lepage test, a combination of Wilcoxon rank sum test for location and Ansari Bradley test for scale (cf. Lepage [9] ), and this chart is hereafter named as Shewhart-Lepage (SL) chart. On the same lines, Chowdhury et al. [5] developed a distribution-free Shewhart chart for joint monitoring that utilizes Cucconi test proposed by Cucconi [10] , hereafter referred to as Shewhart Cucconi (SC) chart. Marozzi [11] provided a comparative analysis of Cucconi test versus Lepage test under some distributional setups and favored Cucconi test over Lepage test. This study intends to investigate the impact of light and heavy-tailed distributions on the performance of SL and SC charts. In addition, the e ect of reference/test samples is included in this study. The rest of the article is organized as follows: Section 2 provides the description of SL and SC charts. Section 3 explores the properties of these charts under di erent distributional environments and also examines the e ects of reference/tests samples. Section 4 deals with a real application related to these charts. Section 5 concludes the study with the main ndings.
Description of SC and SL charts
Let U 1 ; U 2 ; ; U m and V 1 ; V 2 ; ; V n be independent random samples from their respective populations with continuous cumulative distribution functions: F (U) = Q( U ) and G(V ) = Q( V ); 2 R; > 0; this is where Q refers to some unknown continuous functions. Constants and represent unknown location and scale parameters, respectively. Let us introduce indicator variable, I k = 0, or 1 depending on whether or not kth order statistic of the combined sample of N = m + n observations belongs to U or V . It is to be mentioned that m is reference sample (phase I) and n is the test sample (phase II). Further, we assume that R is the linear ranks assigned to the values of the combined sample.
The popular nonparametric Wilcoxon Rank Sum (WRS) test statistic, T 1 , is de ned as follows:
For the equality of two scale parameters, Ansari Bradley (AB) is an e cient nonparametric test whose statistic, T 2 , is de ned as follows:
Consider S 1 as the sum of the square of the ranks of V i 's in the combined sample, i.e.:
Further, note that quantities (N + 1 R)I k , for k = 1; 2; ; N, may be considered as the contrary ranks of V i 's. The sum of squares of the contrary ranks of V i 's in the combined sample, say S 2 , is given by: The combination of AB and WRS is known as Lepage statistic (cf. [9] ) and is given as follows:
and Cucconi [10] statistic for testing both location and scale is de ned by:
where W and Z are the standardized statistics given as follows: 2.1. Design of control charting constants of distribution-free charts Construction and design of both SC and SL charts depend on the distributions of the statistics given in Eqs. (1) and (2) . The lower control limits of both charts is zero as both statistics can never be negative (cf. [5, 7] and the upper control limits of both charts, say H, are used to make decision. The values of H are provided in [5, 7] for some selective values of n and m. We have covered more combinations of n and m to nd the upper control limit, say H, for both charts, using a simulation study with 100,000 replicates (in R 3. [5] ). The shift in location is noted when p 3 is very low except p 4 ; if p 3 is relatively high except p 4 , then there is the indication of a shift in scale. If both p 3 and p 4 are very low, shift is noted in both location and scale. Sometimes, neither p 3 nor p 4 is very low, though the plotting statistic C is high; in this situation, the e ect is due to the relation between location and scale changes or due to false alarm. So, to overcome this problem, combine ith and (i 1)th prospective samples and recalculate (p 3 ) and (p 4 ) for further decision.
Performance analyses of SL and SC charts
In this section, we will investigate the performances of SL and SC charts under di erent distributional environments. We will also examine the e ects of reference and test samples on the performance of these charts. We will use Average Run Length (ARL) and Standard Deviation Run Length (SDRL) as performance measures. The ARL value is denoted by ARL 0 for incontrol situation and ARL 1 for out-of-control situation. The distributional setups covered in this study include: Uniform: U( p 3; p 3), Student's t: t 4 , Lognormal: LN(1; 1), Gamma: G(1; 1), and contaminated normal (C1: with 10% contaminations, and C2: with 30% contaminations). The rst two are symmetric and light tailed, the next two are skewed and heavy tailed, and the last two are contaminated distributions. Abbasi and Miller [12] , Alfaro and Ortega [13] , Ali et al. [14] , Human et al. [15] , and Marozzi [11] are some useful references on the said distributional environments. The graphical displays of these distributions are given in Figure 1 .
OOC performance
In order to examine the OOC performance of SL and SC charts, we have considered shifts in location and scale for these choices: = 0, 0.25, 0.50, 0.75, 1.00, 1.50, 2.00, and = 0:50, 0.75, 1, 1.25, 1.5, 1.75, 2. We have chosen m = 30, 50, 100, 150, 500, and 1000 and n = 5, 8, 11, 16, and 25. It makes a total of 30 pairs (m; n). The properties of SL and SC charts, in terms of ARL and SDRL, are evaluated for di erent combinations, and . These results are provided in Tables 2 and 3 under di erent distributions. For the sake of brevity, we only discuss the results of the pair (100, 5). Moreover, some useful ARL curves are also produced and provided in Figures 2 and 3 .
The useful ndings about the two charts are listed as follows:
1. In general, the run length follows right skewed distribution; the run length distributions of both charts decrease with the increase in the location and scale shifts; shift in the scale parameter is detected faster than the shift in the location parameter; both charts are sensitive to shifts in location and scale, but both charts react more quickly to detect a shift in standard deviation rather than mean; 2. For the case of uniform distribution, SC chart performs slightly better than SL chart. The test sample (n) also exhibits signi cant effects on the performance of the phase-II chart and its pro le study is given in Table 5 . At xed = 1:25, ARL 1 of SC chart under t 4 environment decreases about 53.9% due to increase in n from 5 to 8 at xed = 0:75, while it decreases 66.5%, 76.6%, and 84.7% from 5 to 11, 16, and 25 samples, respectively. On the other hand, a decrease of 39.6%, 66.4%, 74.5%, and 84.7% in ARL 1 of SL chart is reported with n = 5 to 25, respectively, on the xed location parameter = 0:75. The same ndings are also observed at xed = 1 and varying values of . In general, increasing the test sample size produces decreasing trend in ARL 1 of both charts under all environments.
Illustrative example
In this section, we apply our SC and SL charts to a dataset containing duration of contract strikes in US manufacturing industries (cf. [17] ). A strike is a refusal of employees to perform their required work as a form of protest. In industries, strikes may cause losses in manufacturing and production departments. So, administration and human resource management always try to avoid it. In case of a strike, they monitor the strike duration to minimize loss. Table 1 , and they are given as: 5.37 for SC chart and 11.1 for SL chart at ARL 0 = 500. The values of the plotting statistics for SC and SL charts, along with test samples, are reported in Table 6 and their corresponding control charts are given in Figure 4 . [4] which concluded that there is no scale shift in the process.
Concluding remarks
This study investigated two nonparametric, SC and SL, charts for the joint monitoring of location and scale parameters. The performance analysis revealed that SC takes an edge over SL under light-tailed distributions, while SL is a good alternative under heavy-tailed distributions. Moreover, a reasonably larger reference and test samples produce better ARL performance of these charts. Some interesting future research directions might include studying the performance of these charts: EWMA and CUSUM setups; under multiple structural breaks; when a shift occurs at steady-state.
